f w(x)f(x)dx^¿Hif(aj) Ja 3=1
have become increasingly important. The only quadrature generally available for the case b = -a = °° is the Hermite-Gauss formula although the LaguerreGauss formula can also be used if f(x) is an even function of x. The latter would, however, require computation of twice the number of ordinates for a corresponding degree of precision and would therefore rarely be preferred. In either case the integrand is supposed to behave like the product of an exponential function and a polynomial. For purely algebraic integrands it would appear to be more appropriate to use a quadrature based on an algebraic weight function even though the degree of the polynomial approximation to f(x) is limited. In this paper, formulas of type (1) are derived with weight function w(x) = (1 + x2)~k^ for the range b = -a= ». In a modified form they are shown to be superior to the Hermite-Gauss and Laguerre-Gauss quadratures for a particular class of statistical integrals.
2. Derivation of Quadratures. In the quadrature formula (2) f (1 + xTk-](x) dx = £ Hi fiai) + En,k, J-OC J=l the abscissas a, will be the zeros of the nth degree polynomial <bn¡k(x) which satisfies the orthogonality condition
By standard methods given for example in [2] , [4] , it is easily shown from (3) that the orthogonal system of polynomials is given by the Rodrigues formula
where the standardizing constant is chosen to make the coefficient of xn unity. By direct manipulations with (4) and repeated use of Leibnitz' formula, the recurrence relations (5)-(10) are easily established. They are
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, . 2k -2n + 3
<K.M-lW = (2fc -n + 2)(2fc -n +3)
•[{(4fc -2m + 3) + (2* -2m + l)x2} <j>n,k(x)
-(2fc -2n + 1)(1 + a;2)*".*_i(x)],
The polynomial system can now be extended to include values of n excluded in (4). For n > k + f however, complex zeros make their appearance so that no useful quadratures are available for this range of n.
It is similarly easily shown that <bn>k(x) is a solution of the differential equation (11) (1 + x2)y" -2kxy' + n(2k -n + l)y = 0 whence the relation
can be established where in the notation of [1] , Cn (z) (designated by Pn( \z) in [7] ) is the Gegenbauer or ultraspherical polynomial of degree n and parameter X. Relations with Legendre functions can also be established, namely:
where PJ'(z), in the notation of [1] , is the associated Legendre function of the first kind with parameters ß and v, and
where P/(z) is the associated Legendre function of the first kind with definition suitable for the cut in the real axis from z = -1 to z = 1. The limit in (13) caters to integer values of k (see [3] ).
The weight coefficients and error term in (2) can be determined by standard methods with the results (15) Hi = 22-n! {l%~_n++% (1 + a/n*U«;)r, (16) E».k = Cat f (1 + ^r*"l[*».*(x)]2da;
The restriction on n is necessary to ensure convergence of the error estimate but does not ensure that a close upper bound to the actual error can be obtained (see, for example, [2] ).
For practical purposes a more convenient form of the quadrature is
«i-oo y=i here the weight coefficients are given by
The values of a, and Kj for four-and six-point formulas for some integral values of k are given in Table 1 .
The right-hand side of (17) is a function of k as well as of n; for a given value of n, therefore, there will be a value or values of k depending on f(x) which will give the "best" approximation to the integral on the left. The determination of such values and the corresponding parameters appears to be too formidable a task for practical applications. For the special cases k = n -1, k = n, however, solution of (11) with x = cot 0 enables d>n¡k(x) to be obtained in the forms The zeros are now simple cotangents and the weight coefficients H¡ assume simple trigonometric form; the resulting quadratures can be written as
These formulas can also be deduced from the Chebyshev-Gauss quadratures
by the substitutions y = x(\ + x2)~112, g(y) = f(x).
3. Practical Application. An example of a useful application for the quadratures is the evaluation of integrals arising in the determination of the statistical distribution of the ratio of two quadratic forms in normal variâtes. If the quadratic forms are independent mean half-square successive differences based on sample sizes of p and q respectively, one of the integrals which require evaluation can be written The quadrature (17) was applied for the values k = 5(1)10 using six abscissas in each case. The Hermite-Gauss quadrature was used with six, eight and ten abscissas, and the Laguerre-Gauss formula for six abscissas (which requires the same number of evaluations of the integrand as the other formulas for twelve abscissas but which is of degree of precision eleven as against twenty-three for the others). The abscissas and weights for the Hermite formula were taken from the values tabulated in [6] and those for the Laguerre method from [5] . The results together with the correct value of 7(1) determined by a series method are tabulated to eight decimal places in Table 2 which also shows the errors of the methods.
The table shows the superiority of the "algebraic" quadratures over the Hermite and Laguerre formulas for this integral ; even the use of ten abscissas for the Hermite quadrature leaves an error much greater than the algebraic quadratures with only six abscissas except for the case k = 10. The best algebraic quadrature is for k = 7 but the advantage over those for k = 5 and k = 6 is too small to compensate for the simplicity of the latter two cases when used in the equivalent forms shown in (21) and (22) respectively. In addition, the quadrature (22) evaluates 7(1) correctly to eight decimal places for n -8 as does (21) for n = 9.
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